Experimental angle-resolved photoelectron-photoion coincidence experiments measure photoelectron angular distributions (PADs) in dissociative photoionization (DPI) in the reference frame provided by the momenta of the emitted heavy fragments. By extension of the nomenclature used with DPI of diatomic molecules, we will refer to such a PAD as a recoil-frame PAD (RFPAD).
I. INTRODUCTION
Obtaining information on the dynamics of photodissociation processes can be accomplished experimentally by measuring the photo-fragment emission direction using linearly polarized light [1] . It has been observed that the photofragment angular distribution can be peaked parallel or perpendicular to the incident light beam [2] . For a one-photon photodissociation of an unpolarized sample within the dipole approximation, the normalized photofragment angular distribution is given by [3, 4] ,
where θ is the angle between the recoil direction and the direction of polarization of the light, and P 2 (cos θ) is the second-order Legendre polynomial. The anisotropy parameter β depends on the orientation in the molecular framework of the transition dipole moment, the dissociation direction and on the vibrational and rotational dynamics of the photoexcited molecules, as shown by Bersohn [3, 5] , Jonah [6] and others. When the molecule dissociates rapidly after the absorption of light and the kinetic energy of dissociation is large compared to the kinetic energy of rotation, corresponding to the axial-recoil approximation (ARA), the parameter β takes the simple form β = 2P 2 (cos χ), where χ is the angle between the transition moment and the direction of dissociation, i.e. in the recoil direction [3] .
The β parameter values can range from +2 to -1 for a pure parallel transition and a pure perpendicular transition respectively when assuming the ARA. If the molecule is rotating, there are different possible effects, one, when the dissociation is not instantaneous, leading to a metastable excited state of the molecule with an average lifetime τ , and another when after dissociation the velocity of separation of the fragments is sufficiently low that the molecule rotates during that dissociation [3] . Finally, there can be additional vibrational motion such that the orientation of the bond that is breaking has changed between excitation and dissociation [7] .
Similar considerations apply to dissociative photoionization (DPI) processes, which can be used to study molecular-frame photoelectron angular distributions (MFPADs). A molecular photoionization experiment is said to be "complete" when it determines all the information needed for the theoretical description of such a process, which means to provide all the significant matrix elements or dynamical parameters [8] . There are different experimental methods for obtaining the matrix elements from the PADs for molecular ionization, depending on the frame of reference used. When the measurement is done on a fixed-inspace molecule, it is referred to as the molecular frame photoelectron angular distribution (MFPAD) and, can be written as [9] [10] [11] [12] [13] [14] ,
where θ n and φ n are the polar and azimuthal angles for the direction of the polarization of the light, and θ k and φ k are the polar and azimuthal angles of the direction of emission of the photoelectron.
There are a number of methods that give information which can be related to the MFPADs [15] . One way of measuring the MFPAD is through DPI. If the dissociation event is rapid in comparison to the rotation period of the molecular ion and rapid compared to bending motions in the molecule then the ARA can be invoked so that the recoil directions of the fragments can be used to approximate the direction of the bonds that are being broken at the time of the initial ionization [2, 10, 16] . When the ARA is not valid, the photoelectron angular distributions can only be determined in the frame of reference provided by the direction of emission of the heavy fragments, referred to here as the recoil frame, leading to the recoil-frame photoelectron angular distribution (RFPAD). In the case of non-linear molecules, which are the subject of this work, even if the ARA is valid but only two fragments are produced in the DPI, there is necessarily an average over the azimuthal angle, which defines the orientation of the molecule about the recoil axis [10] . This leads to what we will refer to as the azimuthally-averaged RFPAD (AA-RFPAD). There have been several studies of the PADs from non-linear polyatomic molecules using dissociative photoionization where only two heavy fragments are produced so that the AA-RFPADs have been measured [10, [17] [18] [19] [20] [21] . However, in cases where the molecule breaks into three or more fragments it may be possible to determine the full RFPAD, where all three Euler angles defining the orientation of the recoil frame are measured. This full RFPAD is just the MFPAD when the ARA is valid [20, 22] .
The effect of molecular rotation in slow dissociation processes has on observed RFPADs has been previously explored for the dissociation of the non-linear CF 3 I molecule in theÃ state of the ion. In that study a smearing of the PAD was found that could be explained by including rotation of the molecular frame after the electron ejection and before the fragmentation process [19] . This earlier work essentially used a linear model for the molecule and a classical treatment of rotation which is valid for lifetimes that are less than the rotational period of the molecule.
In the present work, we develop expressions for the RFPADs that are similar to the ones published for linear molecules [10, 13, 23] , which have been used to study a variety of linear systems' PADs in the molecular and recoil frames of reference [8, 12, 13, [24] [25] [26] [27] [28] [29] [30] . We include a fully quantal treatment of the three-dimensional rotational wave functions of non-linear molecules. These expressions will allow us to consider dissociative states with a wide range of lifetimes of the metastable molecular ions where the ARA cannot be used [12] .
As a specific example of our general treatment of the effects of rotation in non-linear systems on PADs, we will consider the case of C 1s ionization of CH 4 where including the effects of rotation will be seen to improve the agreement between theory and experiment.
We compare our results with experimental findings and with theory where the ARA has been assumed [20] . In addition to the effects of rotation studied here, the breakdown in the ARA can also be due to vibrational motion that occurs between the initial ionization and the subsequent fragmentation of the molecular ion. Thus our inferred lifetime of the ion state, when only rotation is included, will be an upper bound to the actual lifetime of the CH ++ 4 molecules produced by the Auger decay of the CH + 4 core hole state.
Williams et al. [20] have studied the photoelectron angular distributions in C 1s photoionization of CH 4 . They made coincidence measurements of the photoelectron with two and three heavy fragments. Assuming the ARA, the three-fragment measurements lead to experimental MFPADs. They also reported corresponding computed MFPADs and AA-RFPADs obtained using the complex Kohn method [20] and using the ARA approximation. The computed MFPADs were in quite reasonable agreement with the measured three-fragment
MFPADs. However, the computed AA-RFPADs were only in agreement with the measured two-fragment AA-RFPADs when the kinetic energy release (KER) of the fragments was greater than 9 eV. Thus, there is clear evidence of the breakdown of the ARA in the fragmentation events leading to lower KERs.
II. RECOIL-FRAME PHOTOELECTRON ANGULAR DISTRIBUTIONS FOR ROTATING METASTABLE NON-LINEAR MOLECULAR IONS
The analysis of the RFPADs for non-linear polyatomic molecules follows closely the work that has been done previously for linear systems [9, 12] . Here we will consider RFPADs for light with general elliptical polarization as well as for the special cases of linearly and circularly polarized light. Throughout this derivation we have used different coordinate systems for convenience depending on the frame of reference used.
As mentioned above, if the lifetime of a molecular ion state represents a significant fraction of the rotational period of the molecule, then the ARA breaks down, and the effects of the rotational motion should be included when computing the cross sections. For this purpose,
we assume a Boltzmann distribution of the rotational states [31] , and follow a treatment that is similar to the one used for rotational motion in photodissociation by Jonah [6] , assuming that the population of initial rotational states is thermal. After the molecule is ionized the density matrix elements for the rotational states are propagated in time. A Poisson distribution is assumed for the distribution of decay times.
A. Ionization of non-linear molecules and rotational state specific matrix elements
We consider the photoionization of non-linear molecules in the dipole approximation starting with the PAD in the field frame (FF) defined by the direction of propagation of the light and its polarization. The transition amplitude can be written as
In this expression, the indices ζ and ζ indicate a component of a degenerate set of initial and final states respectively, and λ and δ are the angles used to characterized the polarized light by the Stokes parameters (s 0 , s 1 , s 2 , s 3 ) [32, 33] given by
In the FF the direction of emission of the photoelectron is defined by the coordinates
The field is defined by B,
and the D's are the usual rotational matrices defined elsewhere [34] [35] [36] ,R represents the Euler angles that describe the orientation of the field in the molecular frame (MF), the tensor operators e µ are defined in the MF as
and B ± is defined as
If the wave function for the continuum photoelectron, ψ
, where the electron is emitted
then the partial-wave dipole matrix elements of Eq. (3) for photoionization going from an initial state Ψ (i) to a final state Φ (f) are defined as
We express the asymmetric top rotational wave function, ψ J,M J ,κ , as a linear combination of symmetric top wave functions φ J,M J ,H [38] ,
where the symmetric top wave functions have the well known form,
whereR −1 represents the Euler angles describing the orientation of the MF in the laboratory frame, i.e. in the FF. In this way, we construct the rotational state specific matrix elements for the transitions (ζ, J, M J , κ ← ζ , J , M J , κ ) using the asymmetric top wave functions from Eq. (13) for the specific rotational states to get
where the substitution of Eq. (3) into Eq. (15) gives the full expression for the amplitude.
B. Thermal average and propagation in time
By assuming an equilibrium Boltzmann distribution of initial rotational states we can write the density matrix before the interaction with light, in analogy to the treatment of the rotational motion in photodissociation by Jonah [6] , as
where g i is the degeneracy of initial electronic states, Ψ
is the rotational partition function for the initial state for an asymmetric-top molecule [39] and g κ is the nuclear-spin statistical weight, which depends on the parities of the quantum numbers collectively labeled here as κ .
After interaction with light, the density matrix propagated in time gives,
where B is the field operator given in Eq. (8), E is the photon energy, and c is the speed of light. The density matrix given in Eq. (17) can be written in the coordinate representation by expanding ρ in final state functions, to give
C. RFPADs for non-linear molecules including the effects of rotation
In the FF, the probability of detecting the photoelectron emitted in the direction Ω K with the orientation of the molecule given byR −1 at time t, I(Ω K ,R, t), is given by the diagonal elements of the density matrix given in Eq. (18), i.e.
Finally, by assuming a Poisson distribution of decay times (1/τ ) exp(−t/τ ), the density matrix can be averaged over decay time to give
where againR gives the orientation of the field in the MF at the time of the decay and we have written the ejection direction of the photoelectron in the MF as Ω k , and where
where j 1 , m 1 , j 2 , m 2 | J, M defines a Clebsch-Gordan coefficient, and
L,N is defined in terms of the Stokes parameters as
and where
By defining
we can write the intensity as
Lastly, for the special cases of polarization where the parameter µ 0 is defined such that 
where for linearly polarized light Ω n is the direction of polarization and for circularly polarized light Ω n is the direction of propagation of the light, both in the MF.
To compute the AA-RFPADs, it is necessary to include an average of the full RFPADs over the azimuthal angle about the recoil direction, and after this average we obtain the expression [21] ,
where the angles β R and α R define the recoil direction in the molecular frame and the direction of the field and photoelectron momentum in the recoil frame are given by Ω n and
are given by
where
L ,N ,L,N is given in Eq. (24).
III. EFFECTS OF ROTATIONAL MOTION ON THE C 1s PHOTOIONIZATION OF CH 4

A. Computation of the photoionization dipole matrix elements
The dynamical photoionization matrix elements, I
(ζ ,ζ ) lmµ , from Eq. (3) leading to the C 1s (1a 1 ) −1 state of CH 4 were computed using the Schwinger variational method [41, 42 ]. An l max = 100 was used for the single-center expansion of the electronic wave functions within the single-channel frozen-core Hartree-Fock approximation (SCFCHF) using the ePolyScat suite of programs [43, 44] , within the fixed-nuclei approximation. The initial and final bound electronic state wave functions, Ψ i (r, q) and Ψ
(r, q) were calculated at the Hartree-Fock level of theory using the augmented correlation-consistent polarized valence triple-ζ [45, 46] (aug-cc-pVTZ) basis set and were computed using the Gaussian09 program [47] . For these calculations a vertical ionization potential (ionization from the C 1s) of 290.84 eV [48] and a bond length of 1.087Å [49] were used. The rotational constant used was 5.2891694 cm
and was computed using the fixed geometry within the rigid rotor model.
B. MFPADs and full RFPADs for CH 4
We first examine the MFPADs and full RFPADs for the CH 4 C 1s photoionization. The methane molecule, shown in Fig. 1 , has tetrahedral symmetry, belonging to the T d point group, and therefore it has four equivalent C 3 axes of symmetry and three equivalent C 2 axes. Each of the CH bonds lies on a C 3 axis. In Figs. 2 through 4 the molecule is oriented so that one of the C 2 symmetry axes coincides with the z cartesian axis, as shown in Fig. 1 .
The ground state electronic configuration of CH 4 is (1a 1 ) Results computed at E k = 0.1 eV for linearly polarized light (LP). In each column the polarization vectors change: first parallel to the C 2 axis in the z direction; second, perpendicular to the C 2 (z) axis and in the plane with two CH bonds; and third, parallel to a C 3 axis (CH bond). Lifetimes of the pre-dissociative state are indicated for each row. The axes are in units of MBarn/sr. The molecular orientation is shown in Fig. 1 . Results computed at E k = 4.35 eV for linearly polarized light (LP). In each column the polarization vectors change: first parallel to the C 2 axis in the z direction; second, perpendicular to the C 2 (z) axis and in the plane with two CH bonds; and third, parallel to a C 3 axis (CH bond). Lifetimes of the pre-dissociative state are indicated for each row. The axes are in units of MBarn/sr. The molecular orientation is shown in Fig. 1 . states populated by Auger decay. We show here that a non-zero predissociation lifetime can reproduce measured AA-RFPADs.
These lifetimes are the upper limits to the true lifetimes where other vibrational dynamics could explain some of the deviation from the ARA and thus shortening the dissociative lifetime needed to obtain agreement between theory and experiment.
In Fig. 5 we present the AA-RFPADs for the C 1s photoionization of methane at a photoelectron energy E k = 4.35 eV, with the vector of polarization of the light in the direction of one of the CH bonds, and orientation averaged about that same axis, which in the figures appears pointing in the z direction. In the experimental data [20] , the observed AA-RFPADs depended on the KER. With a lifetime of τ = 0 ps our computed AA-RFPAD is obtained within the ARA, i.e. not including rotation, with the recoil axis in the direction of the CH bond. These results agree with the previous computed AA-RFPADs [20] , which were also obtained using the ARA, and with the experimental data for KER > 9 eV. As the assumed lifetime of the pre-disociative state is increased to τ = 0.32 ps, allowing for the molecular ion before fragmentation, the AA-RFPAD exhibits a breakdown of the ARA and shows a better agreement with the experiments [20] when lower KER (< 7 eV) are considered.
In Fig. 6 we can compare the AA-RFPADs for different measured KERs [20] and the computed AA-RFPADs from this work. We can see a very good agreement between theory and experiment when we assign different lifetimes for the pre-dissociative state and compare them to the RFPADs as a function of cos(θ) for different KERs. In Fig. 7 it is very clear that the photoelectron angular distributions of this DPI process indicate there is a breakdown of the ARA. For KER > 9 eV, assuming an almost instantaneous dissociation, close to the ARA, with a lifetime of t = 0.05 ps gives a very good agreement with the experiments, similar to the theoretical study presented in reference [20] . However when the ARA is not valid, as shown in the right panel of Fig. 7 , for low kinetic energy fragments, KER < 7 eV, using the rotation of the molecule as the mechanism for the breakdown of the ARA a rotational lifetime on the order of 0.5 ps or longer of the pre-dissociative state leads to good agreement between the experimentally observed and our computed AA-RFPADs. 
IV. CONCLUSIONS
We presented a theoretical model for computing MFPADs and RFPADs for non-linear molecules that includes the effect of rotational motion between ionization and fragmentation. The experimental data, taken from reference [20] , is not absolute, and here has been scaled for the best agreement with the computed data. The axes are in units of MBarn/sr. motion of the CH ++ 4 before dissociation. This model extends the possibilities of studying dynamics of photoionization of valence states of polyatomic molecules using angle-resolved photoelectron-photoion coincidence measurements where the ARA is often not a good approximation [21] . 
